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Abstract-h this paper, some new oscillation criteria are given for the second-order nonlinear 
differential equation 
[rWW))cp (z’(t))]’ + c(Q&(t)) = 6, r 2 to, 
where T E C([to, co); [O,w)), c E C([to, oo);W), + E C(W; R), and ip : W -+ W is defined by q(s) = 
lsIP-2s with p > 1 a fixed real number. These criteria involve the use of averaging functions. @ 2002 
Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
This paper is concerned with the second-order nonlinear differential equation 
lr(W(dt))v b’(t))1 + ~(G~kdt)) = 0, t 2 to, (1) 
where T, c : [to, co) 4 W, to > 0; and Q : R + IR are continuous and cp(s) is a real-valued function 
defined by cp(s) = lsIP-‘s with p > 1 a fixed real number. 
Throughout this paper, we shall also assume that 
(a) r(t) > 0, and 
(b) 0 < Q(z) 2 y for all 2 where y is a real number. 
By a solution of (l), we mean a function z : [T,, CQ) -+ Et, T, 2 to, such that z and rQ(z)cp(z’) 
are continuously differentiable and satisfy equation (1) for t 2 T,. In what follows, we consider 
only solutions of equation (1) which are defined for all large t. The oscillatory character is 
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considered in the usual sense; i.e., a solution of equation (1) is said to be oscillatory if it has 
arbitrarily large zeros; otherwise, it is said to be nonoscillatory. 
Our attention is directed to the case where the equation is oscillatory. If p = 2, r(t) 5 1, 
and Q(z) = 1, then equation (1) is reduced to the linear differential equation 
z”(t) + c(t)z(t) = 0. (2) 
Many results guaranteeing that the solutions of (2) are oscillatory can be found in the literature. 
(See, for example, [l-6].) Kamenev’s criterion [3] has been extended in various directions by 
Philos [7], Yan [8], and Yeh [9,10]. In 1995, Li [ll] gave an extension of Kamenev’s criterion [3] 
to the special case of (1) when r(t) 5 1, and G(Z) z 1. He also generalized and improved the 
result of Philos [7]. But the above-mentioned criteria of Wintner, Hartman, Kamenev, Yan, 
Philos, and Li cannot be applied to the Euler differential equations 
x”(t) + $ x(t) = 0, t 2 to > 0, (3) 
where y > 0 is a constant. In fact, the Euler differential equation (3) is oscillatory if y > l/4 and 
nonoscillatory if y 5 l/4. 
Our aim is to study the general equation (1) and establish some new oscillation criteria which 
contain some of the above-mentioned results as special cases. We also extend and improve the 
results of Li [ll] and Philos [7]. 
Note that in 1996, Wong and Agarwal [12] established oscillation criteria for the more general 
equation 
( 
r(t) ly’y-l ’ ~)‘+Q(t,d =P(t,~,d). 
These authors [13,14] and Hong [15] also considered some special cases of this equation by using 
the technique which is an extension of the methods used in the works of Graef and Spikes [16] and 
Kwang and Wong [17] for the differential equations. But their results for equation (1) required 
that 
(9 J m dt to r(t)=00 
and 
(ii) 
Jrn 
c(t) dt 
to 
is convergent integral. We will also show that we do not use any restriction on the functions r 
and c as above, which is of particular interest. 
An interest in the ordinary differential equation (1) also arises in connection with the study of 
partial differential equations of the type 
(4) 
i=l 
which have been the object of intensive investigation in recent years because of their importance 
in various theoretical and practical problems. For instance, equation (4) is a generalization of 
the degenerate Laplace equation and the steady-state porous medium equation. When p(x) is 
a radial function defined in an exterior domain E, = {x E RN : IIzlI > a, N 2 2}, radial (or 
spherically symmetric) solutions of (4) defined in E, are in some cases described by differential 
equations of the form (l), and so the results for (1) can be a source of helpful information about 
the qualitative behavior of (4) in exterior domains. We note that the results of this paper can be 
easily given for (4). 
2. MAIN RESULTS 
In this section, we will establish some oscillation criteria for equation (1) which generalize and 
improve Li [ll] and Philos [7] criteria. In order to discuss our main results, we need the following 
well-known inequality which is due to Hardy et al. [18, Theorem 411. 
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LEMMA 1. If X and Y are nonnegative, then 
xp + (p - 1)YP - pxyp-' 2 0, P> 1, 
where equality holds if and only if X = Y. 
THEOREM 2. Let Do = {(t, s) : t > s 2 to} and D = {(t, s) : t 2 s 2 to}. Assume that H E 
C( D, W) satisfy the following two conditions: 
(i) H(t,t) = 0 for t 1 to, H(t,s) > 0, fort > s 2 to; 
(ii) H has a continuous and nonpositive partial derivative on D with respect to the second 
variable. 
Suppose that h : DO -+ R is a continuous function with 
-v = h(t, s)[H(t, s)]l’q, for all (t, s) E DO, 
where (l/p) + (l/q)=l. If there exists a function ~~C’[[to,oo); (0, co)] such that p’(t) >O for all 
t 2 to and 
where 
liFs$X(t, to) - yY(t, to)) = 00, (5) 
s t X(t, to) = - ff(4h) to W, sb(s)c(s) ds, 
H(;,) &(s)r(s) [; (W,s)+ iH(Wll’P~)]P ds, Y(t, to) = - 
then equation (1) is oscillatory. 
PROOF. Let z(t) be a nonoscillatory solution of equation (1). Without loss of generality we may 
assume that z(t) > 0 for all t > TO, for some T > t 0 _ 0. The proof when z(t) < 0 for all t 2 TO is 
similar. Now, we define 
w(t) = P(t) 
[ 
ww(~))(P b’(t)) I cp(4t)) ’ t 2 to. (6) 
Differentiating (6) and using (l), (a), and (b), we obtain that 
w’(t) 5 P’(t) p(t) 49 - P(+dt) - (P - l)[rP(s)~(s)ll-“lw(t)lP, for all t > TO. 
Thus, for all t 2 T 2 TO, we multiply the above inequality by H(t, s) and integrate from T to t, 
which in view of (ii) leads to 
X(k T) i w(T) - 46 T) + yY(4 T), (7) 
where 
J(t,T) = & l {v(s)+) [; (4s) + IH(Wll’P~)]P 
+ (p - l)[rp(s)r(s)ll-qIw(s)lqH(t,s) 
- h(t, s)[H(t, s)]l’q + 3 H(& s)) Izu(r)l} ds. 
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Define 
x = [-yp(s)r(s)]l’” ; 
[ ( qt, s) + [WC 41”p $#)I 7 
Y = [Eqt, s)]‘~“lw(s)p’p[yp(s)r(s)]~l-~~‘~* 
Since q > 1, then by Lemma 1, 
w(s)r(s) 
[ ( ; w, s) + VW, 411’p #)I p + (P - l)lr~(s)~(s)l’-qIw(s)lq~(~~ s) 
- ( qt, S)[H@, sp + iqt, s) g > Iw(s)l 2 0, 
for all t > s > TO. 
Moreover, by (7), we also have for every t 2 TO, 
H(t, To)[X(t, To) - yY(t, To)] I W, ToMTo) 
I W, To)lw(To)l 
I W,to)lwWdl. 
Therefore, 
qt, to)[x(t, to) - yY(t,to)] = H(To, to)[X(To,to) - yY(To,to)l + H(t,To)[X(t, To) - $'(t,To)l 
J 
TO 
I qt, to) I4sMs> ds + fU4 to>lwG>l 
to 
TO 
= qt, to) {J I4s>l&) ds + Iw(To)l > to 
for all t > TO. This gives 
J 
TO 
lips$X(t,to) - yY(t,to)) I I4sMs) ds + Iw(To)l, 
to 
which contradicts (5). This completes the proof of the theorem. 
EXAMPLE 1. Consider the Euler differential equation (3) for y > l/4. Let H(t,s) = (t - s)~, 
t 2 s 2 1, where X > 1 and p(s) = s. It follows from [18] that 
(t - s)X 19 - X&l, t>s>1. 
By using this inequality, we obtain that 
limsup i 
t+ca 
2 7-a limsuplogt+~-X=m. 
( > t+co 
Thus, all conditions of Theorem 2 are satisfied and the Euler equation (3) is oscillatory if y > l/4. 
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EXAMPLE 2. Consider the differential equation 
We let H(t, s) = ( t - s )  3, t > s > 1, and p(s) = 1. Thus, all hypotheses of Theorem 2 are satisfied, 
and hence, this equation is oscillatory. Observe that f~  r-~ = ft0 ~ dt is convergent integral and 
the integral f~o~ c(t)dt = f~ ~ is not convergent, so that none of the results obtained [12,15] 
can be applied to this example. 
EXAMPLE 3. Consider the differential equation 
We let H(t,s) = ( t - s )  3, t _> s > 1, andp(s)  = s 2. Thus, all hypotheses of Theorem 2 are 
satisfied, and hence, this equation is oscillatory. Observe that the integral ft°~ c(t) dt = f~ ~ is 
not convergent, so that none of the results obtained [12,15] can be applied to this example. 
A close look at the proof of Theorem 2 reveals that condition (5) may be replaced by the 
conditions 
lim sup X(t, to) = co (8) 
t --*OO 
and 
l imsupY(t, to) < co. (9) 
t - *co  
This leads to the following result. 
COROLLARY 3. Let the conditions of Theorem 2 be satisfied except that condition (5) is now 
replaced by (8) and (9). Then equation (1) is oscillatory. 
In Theorem 2, the condition 
lim sup X ( t, to) = co 
t~co  
is necessary. In the remainder of this paper, we do not require this condition, but will have some 
other conditions instead. Thus, the following result provides an essentially new oscillation for 
equation (1). 
THEOREM 4. Let H and h be as in Theorem 2, and let 
0< inf { l im~f  H(t , s )}<co (10) 
s>_to H ( t, to ) - 
and 
t-*co g(t ,  to) ~/p(s)r(s) h(t,s)+[g(t,s)] 1/pp'(s) p (s) ds < co. (11) 
Suppose there exist functions A E C[to, co) and p E Cl[[to, oo); (0, co)] such that p' (t) >_ O, t >_ to, 
/ t~  Aq+(s) co, (12) ds 
and for every T > to 
litmiconf{X(t , T) - 7Y(t, T)} _> A(T) (13) 
hold where A+(s) = max{A(s), 0}, s > to. Then equation (1) is oscillatory. 
PROOF. Let x(t) be a nonoscillatory solution of (1). Without loss of generality, we may assume 
that x(t) > 0 on [T0,co). Defining w(t) as in the proof of Theorem 2, (7) holds. Then 
X(t, T) - ~fY(t, T) < w(T) - Y(t, T), 
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for t > T 2 To. Consequently, 
lim?f{X(t,T) - yY(t,T)} < W(T) - limsupJ(t,T), 
t+cm 
for all T 2 TO. Thus, by (13), 
w(T) 2 A(T) + limsup J(t, T), 
t+m 
for all T 2 TO. This shows that 
and 
w(T) 1 A(T) 
limsup J(t, T) < co, 
t-+03 
for all T 1 TO. Let 
and 
qt, s)[H(t, s)]l’q + H(t, s) # I Ids)l ds, 
for all t 2 TO. Then it follows from (17) 
limsup[f(t) + g(t)] = limsup 1 
t 
11 t-cc q&To) To 
(P - w/P(4~(411-q~(~~ s)14s)14 
t-+m 
P’(S) - ( h(t,s)[H(t, s)]l’Q + H(t, s) - p(s) Iw(s)l ds > 1 
I limsup J(t, TO) < 00. 
t-co 
Now, we claim that 
S lw(s)lq ds < 03. TO 
Suppose to the contrary that 
J 
co To lw(s)l" ds = cm. 
By (lo), there is a positive constant v satisfying 
L?/>O. 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
Let p be any arbitrary positive number. Then it follows from (20) that there exists a Tr > To 
such that 
J 
m To lw(s)lqds 1 ;, 
for all t 2 Tl. Therefore, 
f(t) = &$ Lt [w(s)~(s)I~-~H(~, 3) d (d 14~) 1’ do) 
= # 1 (L lw(~N” d7) (-; [H(t,s)IYP(s)T(s)I1-q]) ds 
L $f+ l (L lWlqd~) (-; [H(t,s)[yp(s)r(s)l’-‘]) ds 
> (P-lb Jt (-; [W, M4+411-“]) ds 
- H(t,To)v ~1 
= (P-1) 
MC TI) 
$$(t,To) h@3Cd11-“~ 
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for all t 2 Ti. By (21), there is a i”s 2 Ti such that 
H(t, TI) 
- >77, 
W&To) - 
for all t 2 T2, which implies 
f(t) 2 (P - I)PMT1)r(W1’-q7 
for all t > T2. Since /.J is arbitrary, 
,lln&f(t) = 00. 
Next, let us consider a sequence {tn}Fzl in (to, co) with limn_,oo t, = co satisfying 
(22) 
~$mV(bJ + dbJl = liyy[f(t) + 9(t)l. 
--L 
It follows from (18) that there exists a constant A4 such that 
f(k) + s(tn) I M, for n = 1,2,3,. . . . 
Furthermore, (22) guarantees that 
&-nr f(L) = co 
and hence, (23) gives 
Jlmg(tn) = -co. 
Then, by (23) and (24), 
Thus, 
l+&d<M<1, 
f&L) - f(L) 2 
for n large enough. 
s(L) -<-;, 
f(k) 
for n large enough. 
This and (25) imply that 
19(tn)lq 
?!%z fo = O”. 
(23) 
(24) 
\ (25) 
(26) 
On the other hand, by the Holder inequality, we have 
lg(tn)14 = - l 
t,* 
J{ P'(S) H(tn, To) ,ro Wn, S)IH(tn, s)I~‘~ + H(t,, s) - P(S) 
4 
= 1H&bT L { h(t,, s)[H(tn, s)]l’q + H(tn, s) g [H(t,, s)]-""[H(t,, s)]“~ ’
x [YP(~)~(~)](Q-l)'Q[-/p(~)~(~)](l-q)'qw(s)ds ' 
= ,;:,:,,) [ (Wms) + z :Wms)]",, 
x [yp(s)r(s)](q-')'q[yp(s)r(s)](1-q)'q[H(t,,s)l1'qw(s)ds ' 
5 A {H(t;,To) c [h(m) + # EW(tn,s)]lip,p.l(s)~(s)jq-l 
’ { &,ho) c > 
< 2 { H(t,l, To) l [“(t,, s) + $kj [Wn. s)11’p] pyP(s)+9}q-1 7 
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for any positive integer 12. Consequently, 
for n large enough. But, (21) guarantees that 
and hence, there exists a T3 2 TO such that 
H(t, To) 
H(t,to) ’ ” for every t 2 T3. 
Thus, 
H(tnrZd > 77 
H(t,,to) - ’ 
for n large enough, 
and therefore, 
for n large enough. It follows from (26) that 
h(L, s) + !$$ [H(t,, #PI ’ yp(s)r(s) ds = co. 
This gives 
1 t, 
T!% H(t, to) to s[ 
h(t, s) + $j [H(t, s)]llp]p w(s)r(s) ds = co, 
which contradicts (11). Then (19) holds. Hence, by (26), 
J 
co 
A%(s) ds 5 
TO 
which contradicts (12). This completes the proof of the theorem. 
EXAMPLE 4. Consider the differential equation 
1 + e-lz(t)l z’(t) ’ + t-5/2+) = 0, > 1 t 2 to > 1. 
We let H(t,s) = (t - s)~, t 2 s > 1, and p(s) = 1. Now 
T (3-i)2ds<cc 
and 
“zEf (t -$)2 
(t _ s)2s-3/2 _ $f ds 2 T-l12, rr>to>1. 
(27) 
Set A(T) = Tp1j2. It is clear that sg A:(s) ds = cm. Thus, all hypotheses of Theorem 4 are 
satisfied, and this equation is oscillatory. 
The following theorems are, respectively, generalizations of Theorems 3 and 4 in [ll] for equa- 
tion (1). The proofs are similar, and hence, omitted. 
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THEOREM 5. Let H and h be as in Theorem 2, and suppose that 
h(t, s) + # [H(t, s)]~/~]’ yp(s)r(s) ds < 00 (28) 
and (10) hold. If there exist functions A E C[to,co) and p E C’[[to, 00); (O,m)] such that 
p’(t) 2 0, t 2 to, (12), and for every T 2 to 
lips$X(t, T) - yY(t, T)) 2 A(T) (29) 
hold, then equation (1) is oscillatory. 
EXAMPLE 5. Consider the differential equation 
[ ( 
t” 1 + e-IWI Iz’(t)l@ ’ 
> 
z @)I + tX costlz(t)lp%(t) = 0, t>to>1, 
where W, X, p are constants such that X < 0, p > 1, p # 3, and u < p - 1. Moreover, taking 
H(t, s) = (t - s)~, for t 2 s 1 to, and p(t) = 1, we have 
1 t 
tz s 
t” (t - topp, y > o 
7 
s”(t - s)~-~ ds 5 
F 3-P 
T tt; (t - top 
t2 3-P 
, v<o, 
Therefore, condition (28) is satisfied and for arbitrary small constant E > 0, there exists a tl > to 
such that for T 2 tl, 
limsup $ 
t-co 
t - I2 x s s cos s - ysV(t - s)“-“] ds 2 -TX sinT - E. 
Now, set A(T) = -TX sinT - E and consider an integer N such that 2N7r + 5~/4 2 max{tl, (1 + 
fi&)1/x}. Then, for all integers n 2 N, we have 
A(T) 15, foreveryTE 2na+~,2nn+7 1 
Taking into account that Y < p - 1, we obtain 
Accordingly, all conditions of Theorem 5 are satisfied, and hence, the above equation is oscillatory. 
REMARK 1. In Theorem 3, let Q(z) E 1, r(t) E 1, and p(t) E 1. If H(t,s) = (t - s)~ for 
t > s 2 to, where X > 1 is a constant, then we can easily verify Corollary 5 which contains 
Kamenev’s criterion [3] and improves the results of Yan [8] in [ll] with p = 2. Hence, we have 
improved the oscillation result of Yan [8] for equation (2). 
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THEOREM 6. Let H(t, s) and h(t, s) be as in Theorem 2 and suppose that 
liirn%f X(t, to) < cc 
-+ (30) 
and (10) holds. If there exist functions A E C[to,m) and p E C’[[t,, w); (0, co)] that 
2 0, t > to, (12), and (13) hold, then equation (1) is oscillatory. 
REMARK 2. If Q(x) = 1, r(t) s 1, and p(t) z 1, then Theorems 2, 5, and 6 reduce to Theo- 
rems 2-4 in [ll], respectively. Furthermore, let 
where X > p - 1 is a constant and k(x) is a positive continuous function on [to, KI) such that 
s 
O3 1 
-dx=oo. 
to 0) 
By applying Theorems 2, 5, and 6 in the special case considered, we derive four new oscillation 
criteria for equation (1). 
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